ON THE WAVE-BREAKING PHENOMENA AND GLOBAL EXISTENCE FOR 
THE GENERALIZED PERIODIC CAMASSA-HOLM EQUATION 
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Abstract. Considered herein is the initial-value problem for the generalized periodic 
Camassa-Holm equation which is related to the Camassa-Holm equation and the Hunter- 
^^ , Saxton equation. Sufficient conditions guaranteeing the development of breaking waves in 

Cn ' finite time are demonstrated. On the other hand, the existence of strong permanent waves 

is established with certain initial profiles depending on the linear dispersive parameter in a 
range of the Sobolev spaces. Moreover, the admissible global weak solution in the energy 
space is obtained. 
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^ . 1. Introduction 

> • 

,_^ ■ We study here the initial- value problem associated with the generalized periodic Camassa- 

Q^ I Holm (/i-CH) equation ll30l . namely. 



^(ut) - Uxxt + 2^i{u)ux + 2kUx = 2uxUxx + uu^xx, t>0, a; e R, 
u{0,x) = uq{x), a; e R, (1.1) 



O; [ u{t,x + l) = u{t,x), t>0, xeR, 

where u{t,x) is a time-dependent function on the unit circle S = R/Z and /i(u) = 

/g u{t, x)dx denotes its mean, the parameter k e M. Obviously, if /j,(m) — 0, which implies 

that ii{ut) = 0, then this equation reduces to the Hunter-Saxton (HS) equation ll25l . which 

/\ ' is also a short wave limit of the Camassa-Holm (CH) equation |T] |5] [T3] |23^ . Equivalently, 

the initial value problem (II. lb can be rewritten as the following mixed hyperbolic-elliptic 
type system. 



Ut + 


uux + dxP = 0, 


t > 0, 


X eR, 


(m- 


dl)P = 2fi(u)u + 


^uI + 2kv 


, t > 


u{t,. 


c + 1) = u{t,x), 


t> 0, 


xeR, 


u{0, 


x) = uo{x), 


X e 


R. 



X e 



(1.2) 



With rn ~ {fj, — d^)u, the first equation in (II. lb may be read as 

rrit + unix + 2mUx + 2k,Ux — 0. (1-3) 

It is known that the Camassa-Holm equation is one of the following family of equations 
with the parameter A = 2 

mt + urrix + Xuxm + 2kux = 0, (1-4) 

1 
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with m = Au and A — 1 — d^, the parameter k e M. The family of equations are believed 
to be integrable HKT?) only for A = 2 and A = 3. 

It is observed that the /i-CH equation is the corresponding //-version of the family given 
by ( 11.4b with m — Au, A = ^ — d^, and the parameter A = 2. 

It is clear that the closest relatives of the /x-CH equation are the Camassa-Holm equation 
with A=l-dl 



and the equation with A = —d^ 

It is noted that when k = 0, dl.SI l becomes the Hunter-Saxton equation, while if k 7^ 0, 
( II. 5t is a short wave limit of the Camassa-Holm (CH) equation, which is an equation in 
the Dym hierarchy and admits a new class of soliton solutions(called umbilic solitons) 1 1 1. 

Both of the CH equation and the HS equation have attracted a lot of attention among 
the integrable systems and the PDE communities. The Camassa-Holm equation was in- 
troduced in [5 1 as a shallow water approximation and has a bi-Hamiltonian structure |23 1, 
whose relevance for water waves was established in l,13J . The Hunter-Saxton equation 
firstly appeared in ll25l as an asymptotic equation for rotators in liquid crystals. Recently, 
it was claimed in 1 18] that the equation might be relevant to the modeling of tsunami, also 
see the discussion in [12|. 

The Camassa-Holm equation is a completely integrable system with a bi-Hamiltonian 
structure and hence it possesses an infinite sequence of conservation laws |5 , "231, see 
|fT4 | for the periodic case. When k = 0, it admits soliton-like solutions (called peakons) in 
both periodic and non-periodic setting IS) and the multi-soliton or infinite-soliton solutions 
consisting of a train of peaked solitary waves or 'peakons' |3] IS). These peakons are 
weak solutions in the distributional sense and shown to be stable |I6] [15] US [H] |20| . The 
Camassa-Holm equation describes geodesic flows on the infinite dimensional group V^ (S) 
of orientation-preserving diffeomorphisms of the unit circle S of Sobolev class H'^ and 
endowed with a right-invariant metric by the H^ inner product lISTllSSl . The Hunter-Saxton 
equation also describes the geodesic flow on the homogeneous space of the group C* (§) 
modulo the subgroup of rigid rotations Rot{S) ~ S equipped with the H^ right-invariant 
metric |32| at the identity 

{u,v)fji = / Uj-v^dx. 
Js 
The Hunter-Saxton equation possesses a bi-Hamiltonian structure and is formally inte- 
grable [26 1 . 

Another remarkable property of the Camassa-Holm equation is the presence of breaking 
waves (i.e. the solution remains bounded while its slope becomes unbounded in finite time 
(391) iH [3 |9] \lU\ [141 IMI- Wave breaking is one of the most intriguing long-standing 
problems of water wave theory [39|. It is worth pointing out that Bressan and Constantin 
proved that the solutions to the Camassa-Holm equation can be uniquely continued after 
wave-breaking as either global conservative or global dissipative weak solution in |2| and 
Il3i|, respectively. It is noted that Xin and Zhang obtained the existence of a global-in- 
time weak solution to the Camassa-Holm equation in the energy space 141], where authors 
basically follow the approach in 1451 to study the viscous approximate solutions to the 
Camassa-Holm equation. 

The /i-CH was introduced by Khesin, Lenells and Misiolek fSO) (also called /t-HS equa- 
tion). Similar to the HS equation [25 J . the /x-CH equation describes the propagation of 
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weakly nonlinear orientation waves in a massive nematic liquid crystal with external mag- 
netic filed and self- interaction. Here, the solution u{t, x) of the /x-CH equation represents 
the director field of a nematic liquid crystal, x is a space variable in a reference frame mov- 
ing with the linearized wave velocity, and t is a slow time variable. Nematic liquid crystals 
are fields consisting of long rigid molecules. The /x-CH equation is also an Euler equation 
on !?''(§) (the set of circle diffeomorphism of the Sobolev class iJ*) and it describes the 
geodesic flow on V (§) with the right-invariant metric given at the identity by the inner 
product |l30l 



{u,v) = ^i{u)^{v) + / UxVxdx. 
Js 

It was shown in fSO] that the /i-CH equation is formally integrable and can be viewed as 
the compatibility condition between 

i^xx = £,{m + k)iP and tp^ = ( — - uj ip^ + -u^-tp, 

where i^ e C is a spectral parameter and m = /i(u) — u^x- 

On the other hand, the /i-CH equation admits bi-Hamiltonian structure and infinite hi- 
erarchy of conservation laws. The first few conservation laws in the hierarchy are 

Hq — I m dx, Hi ~ - mu dx, H2 = I I ^j.{u)u -\- ku + —uu^ I dx. 
Js 2 Js Js \ 2 / 

It is noted that the Hunter-Saxton equation does not have any bounded traveling-wave 
solutions at all, while the /i-CH equation admits traveling waves that can be regarded as 
the appropriate candidates for solitons. It is shown in |[30l[33l that when k = 0, the /i-CH 
equation admits not only periodic one-peakon solution u{t, x) — ip{x — ct) where 

ifix)^ ^(12x^ + 23) 

for X S [— ^, ^] and ip is extended periodically to the real line, but also the multi-peakons 
of the form 

N 

■u = ^p,,(t).g(a;-g,(i)), 
1=1 

where g{x) = ia;(x — 1) + y| is the Green function of the operator {fi — d^)^^ . 

Remark 1.1. The operator A = p — d^ is elliptic and an isomorphism between i^ (§) 
and H'^^^ (Si) since 



iAu)ik) 



{1 + P)u{k), for fc = 0, 
Pu{k), for fceZ\{0}, 



where we denote the Fourier transform of a function f in the torus § by f{k) with the 
frequency fc € Z. In particular, ifu is constant, then Au = u ^ A^^ u. 
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1-1 — I,. Pl2\-l, 



According to the Green function of the operator A — (l^ ^ d^) (that is, g{x) 
^x{x — 1) + y|), the inverse v = A^^w can be given explicitly by 

x^ x i3\ _ / n /"^ ^y 



/•I rv /•« 
w{r) drds + / w{r) drdsdy 

JQ Jo Jo Jo 

y - - + — j /i(w)+ f X- -j / / w{s)dsdy+ / / w{r) drdsdy. 



(1.6) 



Since A ^ and dx commute, the following identities hold 

A~^dxw{x) = f x - - j / w{x)dx ~ I w{y)dy + / w{y)dydx, 

and 

pi 
-ia2 



A-'diw{x) ^ -w{x) + / w{x)dx. (1.7) 

Thanks to (11.6b . we can read explicitly the formulation of P in ( 11.2b as 

P = (x"^ - X + —] {fi{u) + K)fi{u) + {2x ~ l){fi{u) + k) / u{s)dsdy 

/•I /-y /•« 2 /"^ /"^ /■* 

+ 2{^{u) + k) / / u{r) drdsdy + - I / / {d^uf (r) drdsdy 

Jo Jx Jo 2 Jo Ji Jo 

+ Kt - f + s) «*»"-' + K^ - 5) /' i'(*"''<") "'*• 

which leads to 

dxP^ (^^^i) {Mu){f^{u) + n) + \\dxu\\l2) + ^ I f\dxuf{s)dsdy 

V / Jo Jo ^^ g^ 

1 pX pX \ -| fX ^ 



+ 2{^l{u) + K)^ / u{y)dydx- u{y) dy \ - - {dxu){y)dy. 

Note that iJ*' ^> Lip for s > |. From the theory of the transport equation point of view, 
one may define a strong solution to (11.2b as follows. 

Definition 1.1. Ifu e C([0, T),H''{§)) n C'^{[0, T),H''-^n)) with s > | satisfies (fO i. 
?/zen u ij called a strong solution to (11.2b . If u is a strong solution on [0, T) /or every 
T > 0, then it is called global strong solution to ( 11.2b . 

One of our goals in this paper is concerned with the existence of a global weak solution 
in the energy space H^, which is motivated by the work in [41]. 

Definition 1.2. A continuous function u — u(t, x) is said to be an admissible global weak 
solution to the initial-value problem ( 11.2b ;/ 

(i)u{t,x) e C{W^ X §)nL°°(M+,i/i(S))fln<i 

fj,{u) ^ ^j.{uo) and \\dxu{t, ■)\\l2i^s) < \\9xUo{-)\\l^{s) V t > 0; (1.9) 

(ii) u{t,x) satisfies the equations in (11.21 ) in the sense of distributions and takes on the 
initial data pointwise. 
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Our main results of the present paper are Theorems l3.lH3.4l (wave-breaking). Theorems 
14. HI4.2t Global strong solution), and Theorem l5 . 1 t Global weak solution). 

The remainder of the paper is organized as follows. In Section 2, some a priori estimates 
and basic properties on its strong solutions to the fi-CH equation are recalled and derived, 
which are constantly used in the whole paper. In Section 3, the results of blow-up to strong 
solutions are established in details. It is shown that the solutions of the /i-CH equation 
can only have singularities which correspond to wave breaking (Theorems 13.1 113741 1 . Two 
sufficient conditions for the existence of global strong solutions (Theorems 14. 1114. 2b are 
specified in Section 4. The existence of an admissible global weak solution in the energy 
space H^ (Theorem lS.lb is demostrated in the last section. Section 5. 

Notations. Throughout this paper, we identity all spaces of periodic functions with function 
spaces over the unit circle S in R^, i. e. § = M/Z. Since all space of functions are over S, 
for simplicity, we drop § in our notations of function spaces if there is no ambiguity. For a 
given Banach space Z, we denote its norm by || • \\z- 

2. Preliminaries 

In the following, we establish some a priori estimates for the /^-CH equation. Recall 
that the first two conserved quantities of the /i-CH equation are 



Ho = mdx ^ / {^i{u) ~ Uxx) dx = ^i{u{t)), 
J§ Js 

and 

Hi = — mu dx ~ — /i (u(t)) -\ — / Uj.(t, x)dx. 
2 Js 2 2 Js 

It is easy to see that fj,{u{t)) and Jg w^(i, x)dx are conserved in time [30]. Thus 

H{ut) = 0. 
For the sake of convenience, let 

fio = fJ-{uo)=fJ-{u{t))^ u{t,x)dx (2.1) 

7s 

and 

Ail = ( / ul{0,x)dx\ = ( / ul{t,x)dx) . (2.2) 

Then fiQ and /ii are constants and independent of time t. 

Lemma 2.1. (9] If f e H^{S) is such that J^ f{x) dx = ao/2, then for every e > 0, we 
have 



max/^(x) < — — — / f:;(x)dx-\ — ai. 

Remark 2.1. Since H^ is dense in H^, Lemma \2.1\ also holds for every f G H^{§). 
Moreover, if L f{x) dx — 0, from the deduction of this lemma we arrive at the following 
inequality 

maxf\x)<^ f fUx)dx, x e S, f e H\E). (2.3) 
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Lemma 2.2. [4J For every f(x) G H^ (a, 6) periodic and with zero average, i.e. such that 



rb 



la /(''') '^■^ ~ *-*' ^^ have 



' f{^)dx<{^-^\ flfix^dx, 



and equality holds if and only if 

^/ ^ . f 2ttx\ ^ . f 2Trx 

f{x) = A cos + _B sm 

\b—aj \b — a 

Note that 

{u{t, x) - ^J.o)dx = ^0 - Mo = 

By Lemma Izn we find that 

max \u(t,x) — uol < — / u„(t,x)dx = — / u„(0,x) dx = — Ui . (2.4) 

From the above estimate, we find that the ampHtude of the wave remains bounded in any 
time, that is, 

\\u{t, ■)\\l=° - ImoI < \\u{t, ■) - MoI|l~ < -g-Mi: 
and so 

||«(i,-)llL~<lMo| + ^Mi- (2.5) 
6 

While thanks to LemmalZ2l we have 



/ [u{t, x) - /io]2 dx<— ul{t, x)dx = ^ / w^(0, a;) dx = ^A*i- (2.6) 

Therefore, one gets from (|2.6l l that 

||u(i,x)|||2 = u^{t,x)dx= [{u — iio)'^ + 2fJ,ou — iiQ]{t,x) dx 
Js Js 



(2.7) 



It then follows that 

l + 47r2 
7i 



\\u{t,-)\\]ji = / u^{t,x)dx+ j ul{t,x)dx < ^^^ nl +/io- 



Let us first state the following local well-posedness result of (11.2b . which was obtained 
in ll30l and ll33l (up to a slight modification, the proof is omitted). 

Proposition 2.1. Let uq G i?'*(S), s > 3/2. Then there exist a maximal T = T(uq) > 
and a unique strong solution u to ( 11.2b such that 

u = u(.,uo) e C([o,r),i?'^(S)) n c\[q,t),w-\^)). 

Moreover, the solution depends continuously on the initial data, i.e. the mapping uq M- 

u{-,uo) : H%S) -^ C{[0,T), H'{S)) n C^{[0,T), H"-^(S)) is continuous. 



Remark 2.2. The maximal T in Proposition \2.1\ can be chosen independent of s in the 
following sense. Ifu = u{-,uo) € C ([0, T), i7") n C^ ([0, T), ff"-i) to ^L^ and ua E 

H'' for some s' ^ s, s' > |, then u € c([0,T),H''] n C^ ([0,T),H''-A and with 

the same T. In particular, if uq £ H°° = ns>o -^*' ^''^" ^ ^ C* ([0, T), H°°) (see 
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for the details, or II24I 1371 for an adaptation of the Kato method II28II to the proof of this 
statement for the (generalized) Camassa-Holm equation). 

Let us now consider the following differential equation 

U^u{t,q), te[o,r), ^2 8) 

\q(Q,x) = x, X e M. 

Applying classical results in the theory of ordinary differential equations, we have the 
following properties of q which are crucial in the proof of global existence. 

Lemma 2.3. Let uq e H^{E>), s > |, and let T > be the maximal existence time 
of the corresponding strong solution u to (|1.2| l. Then Eci A2.%\ has a unique solution q € 

C^([0, T) X R, M) such that the map q{t, •) is an increasing diffeomorphism ofM. with 

q^{t, x) =exp( I u^{s, q{s, x))dsj > 0, V(t, x) G [0, T) x M. 

Furthermore, setting m — p{u) — u^x, we have 

{m{t, q{t, x)) + k) ql{t, x) = too(x) + k, V(t, x) G [0, T) x M. 

Proof Since u £ C^ ([0, T),H''-\S)) and H'{S) '^ C\S), we see that both functions 
u{t, x) and Ux{t, x) are bounded, Lipschitz in the space variable x, and of class C^ in time. 
Therefore, for fixed a; G R, (12.81 1 is an ordinary differential equation. Then well-known 
classical results in the theory of ordinary differential equation yield that (12.81 ) has a unique 
solution q{t, x) G C^ ([0, T) x R, M) . 

Differentiation of ( 12.8b with respect to x yields 

iiqx=Uxit,q)qx, t € [0,T), 
\q40,x) = l, xeR. 

The solution to ( |2.9l l is given by 

qx{t,x)^exp(f Ux{s,q{s,x))dsj, (i, x) G [0, T) x M. (2.10) 

For every T' < T, it follows from the Sobolev imbedding theorem that 

sup |Ma;(s,x)| < OO. 

{s,x)<£[0,T')xR 

We infer from (12.10b that there exists a constant K > such that qx {t, x) > e^^* , (t, x) G 
[0, T) X R, which implies that the map q{t, •) is an increasing diffeomorphism of R with 

qx{t,x) = exp (/ ux{s,q{s,x))ds] > 0, y{t,x) G [0,r) x R. 

On the other hand, combining (12. 9b with ( 11. 3b . we have 

d 

■[(m[t,q(t,x)) + K,)q4t,x)) =( 

— qxi^T^t + TTLxU + 2uxm + 2kUx) = 
So, 



(2.9) 



— - ((TO(i, q{t, x)) + K)ql{t, x)) = [mt + rrixqx) ql{t, x) + 2{m + K)qxqxt 



{m{t, q{t, x)) + k) ql{t, x) = mo{x) + k, V(i, x) G [0, T) x R. 
This completes the proof of Lemma |273] D 
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Remark 2.3. Lemma \273\ shows that, if mo + k = /i(uo) — uqxx + n does not change sign, 
then m{t) + K (V t) will not change sign, as long as m (t) exists. 

Remark 2.4. Since q{t, •) : M — > M /i a dijfeomorphism of the line for every t G [0, T), 
the L°°-norm of any function v(t, •) € L°°, t G [0,T) is preserved under the family of 
diffeomorphisms q(J,, •) with t g [0, T), that is. 

In ll30l and ll33l . the authors also showed that the /i-CH equation admits global (in time) 
solutions and blow-up solutions. It is our purpose here to derive the precise wave-breaking 
scenarios and determine the initial conditions guaranteeing the blow-up of strong solutions 
to the initial-value problem (II. II ). which will significantly improve the results in 1301 and 



As longs as the solution u to ( 11.21 ) is defined, we set 

TOi(i) = min[uj;(i, x)], and m2{t) = u\a,yi[ux{t,x)\ (2.11) 

and further xi{t) e § and X2{t) G S are points where these extrema are attained, i.e., 
mi{t) — Ux{t, Xi{t)), z = 1, 2. We will make use of the following lemma. 

Lemma 2.4. 1111 Let [0, T) be the maximal interval of existence of the solution u(t, x) of 
(II.2I 1 with the initial data uq G H'^, s > |, as given by Proposition \2.1\ Then the functions 
rriiit), i = 1,2, are absolutely continuous on (0,T) with 

—T-^=Uxt{t,x,{t)), a.e. on (0,T). 
at 

3. Wave-breaking mechanism 

In this section, we derive some sufficient conditions for the breaking waves to the initial- 
value problem (ll.2l l. We first state the precise wave-breaking scenario for the problem ( 11.2b 
in the following, which was obtained in [22] (up to a slight modification). 

Proposition 3.1. Let uq G iJ" (S) , s > 3/2, and u(t,x) be the solution of the initial-value 
problem ( 11.2b with life-span T. Then T is finite if and only if 



liminf ird Uxit.x) = — cx). 

t-\T \x& J 

In what follows, we establish some sufficient conditions guaranteeing the development 
of singularities by means of the wave-breaking scenario. We are now in a position to give 
the first wave-breaking result for the /i-CH equation. 

Tlieorem3.1. LetUQ G H'^{E),s > 3/2 and T > Q be the maximal time of existence of the 
corresponding solution u{t, x) to (11.21) with the initial data uq. If (vo/7r)|/to + '*| < Mii 
where /io and /ii are defined in ( 12.1b and ( 12.2b , then the corresponding solution u{t, x) to 
(11.2b associated with the ^i-CH equation must blow up infinite time T with 

6 , 1 + 1 LulJx) dx\ 

0<r<inf — +47r2a- UsoxW 1 



aei \ 1 — 6a dn'^a^if — 3(/io + k^)^/^! 

where I = ( ^t!" , "J , ^ 1 , such that 

liminf ini UxU.x] 
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Proof. Thanks to Remark 12.21 it suffices to consider the case s = 3. Differentiating the 
first equation in (11.2b with respect to x yields 

Utx + ul+uu^^ + A-'^dl i2u^iQ + -ul ^^ 2ku\ =0. (3.1) 

In view of (12. 11 1. (I2.2l l and ( 11.71) . we have 

utx = -^w^ - uuxx + '2u{^iQ + k) - 2^0 - -^l - 2kho. (3.2) 

Multiplying ( I3.2l i by 3u^ and integrating on § with respect to x, we obtain for any t e 

[0,r)that 

^[uUx^[zuluxa.--l!uU^^t^uu^xU..dx 
dt 7s Js 2 Js jg 

+ 6(/io + k) {u — fJ.a)ul dx — - i u^ dxj (3.3) 
= -2 j utdx- -ii\ + 6(/io + k) (u- ^j,q)uI dx. 



On the other hand, it follows from Lemma l272l for any a > that 

(/io + k) [u — Mo)Wk c^^ ^ Imo + 'tl I {u — Mo)^ c^^: ) [ I W^ dx 



Is 
2 Js 2a 7g 



2 7s """ "" ■ 87r2a J^ 
Therefore we deduce that 
d 
It 



■ j^uldx<(^a~^ j^uldx-^li\ + ^ (mo + k) Vi • (3.4) 

By the assumption of the theorem, we know that (/ip + '«)^/(2vr-^/i^) < 1/6. Let a > 
satisfy 

This in turn implies that 

1 3 3 

ci:=--3a>0 and C2 := -^^i - — ^— (mo + k)^! > 0- 

2 2 47r^a 

Hence, applying Holder's inequality to ( I3.4l l yields 

4 

— - u^ dx < — ci / u^ da; — C2 < — ci / u„ dx 1 — C2. 
rfUs 7s " \Js J 

Let F(t) = /g u^(i, a;) da; with i G [0, T). Then the above inequality can be rewritten as 

j^v{t)<~ci{v{t))-^ -C2<-C2<0, te[o,r). (3.5) 

This implies that V{t) decreases strictly in [0,T). Let ii = (1 + |y(0)|)/c2. One can 
assume ti < T. Otherwise, T < <i < oo and the theorem is proved. It then follows from 



10 



GUILONG GUI, YUE LIU, AND MIN ZHU 



(ESllthat 



V{t)< 



_ci(i-ti)-3 
On the other hand, we have 



as t ^- ti H . 

Cl 



V{t) 



Uj. dx > inf Ux{t, x) / u^ dx = ^i inf Ux{t, x). 



This then impUes that < T < ti + 3/ci such that 



liminf ini Ux(t,x) = — oo. 
t^T \xes ^ ' ' ' 



This completes the proof of Theorem |3.1| 

In the case (\/3/7r)|/io + k| > /^i, we have the following wave-breaking result. 



D 



Theorem 3.2. Let uq G iJ''(§), s > 3/2 and T > be the maximal time of existence of 
the corresponding solution uit. x^ to ( 11.21 1 with the initial data un. /f (v3/7r)|/io + 'i| > jJ-i 
and 



inf ^0(2;) < — 



\ 



2Ati ( — Imo + k| - 2/^1 ) — -^' 



where Uq{x) is the derivative ofuo(x) with respective to x, then the corresponding solution 
u(t, x) to ( 11.21 ) blows up infinite time T with 



0<T < 



mixesUQ{x) 



K^ - {mixes KixW 



such that 



liminf ini UxU.x) = —00. 



Proof. As discussed above, it suffices to consider the case s = 3. Note that the assumption 

{VS/n)\iJ,o + k\ > ^i implies that (2/\/3)|/io + k\ > /ii. Therefore the non-negative 
constant K is well-defined. 

Bv Lemma l2.4l there is xn £ § such that ^0(2^0) — inf Uq(x). Define u'(t) — Ux{t,q{t,xo)), 

where q{t, xq) is the flow of u{t, q{t, xq)). Then 



dt 



W{t) = {Utx + Uxxqt){t, q{t, Xq)) = [Utx + UUxx){t, q{t, .To)). 



Substituting [t, q{t, xq)) into (13.21 ) and using ( 12.3b . we obtain 



dt 



wit) 



--w'^(t) +2{fio + K)u{t,q{t,Xo)) -2no{fio + k) - -fif 



1 



w^{t) +2{^iQ + K)[u{t,q{t,xo)) -^0] 



1 



fJ-l, 



which together with ( 12.41 ) implies that 

j^w{t) < -^w^t) + ^^,{^\^^o + «| - ^/ii) = -Iw'it) + \k\ (3-6) 

By the assumption w(0) = u'^ixi)) < —if, we have w'^{0) > K^. We now claim that 
w{t) < —K holds for any t e [0,T). In fact, assuming the contrary would, in view of 
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■w{t) being continuous, ensure the existence of to G (0, T) such that w'^{t) > K^ for 
t £ [0,h) but w-^{to) = K^- Combining this with (I3.6l l would give 

— w(i) < a.e. on [0,io)- (3.7) 

Since w{t) is absolutely continuous on [0, to] , an integration of this inequality would give 
the following inequality and we get the contradiction 

w{to) < w{0) = u'aixo) < -K. 

This proves the previous claim. Therefore, we get -^w{t) < on [0,T), which implies 
that w{t) is strictly decreasing on [0, T). Set 

2 



And so 



Therefore 



^-^-(^ib)'^^^'^)- 



^^ = {u'o{xo)r<wHt), i.e. K'<{l-6)w'{t). 



jw{t) < --Iw'it) [1 - (1 - S)] = -5w\t), t e [0,T), 



which leads to 



w{t) < j^^-^T — - ^- -oo, as t ^■ 



l + dtu'^ixo) ' Su'q{xo)' 

This implies 

T < 1 ^ infxgsUo(a;) ^ ^^ 



In consequence, we have 



This completes the proof of Theorem l3.2l D 



liminf inf U2;(i,x) = — cx). 



Remark 3.1. We can apply Lemma |2~4l to verify the above theorem under the same con- 
ditions. In fact, if we define w{t) = Ux{t,^{t)) = inf [^^^(t, a;)], thenforallt € [0,r), 

Uxx{ti^{i)) = 0. Thus if {\/?>/tt)\^q + k\> fii, one finds that 

i»«)< -i.no 4a-, 



where K is the same as Theorem \3.2\ Then by means of the assumptions ofTheorem \3.2\ 
and following the line of the proof of Theorem \T2\ we see that if 



w{0) < 



A 



o /V3, , 1 



then T is finite and liminf inf Ur(t, x) = — oo. 

■' tfT \xes ^^ ' ^y 

Recall the definition of the extrema mi{t), m2 (t) in ( 12.111 ) of the slope Ua:{t,x) on the 
circle §, we may get the following wave-breaking result. 



12 
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Theorem 3.3. Let uq G iJ^(§), s > 3/2 and T > be the maximal time of existence of 
the corresponding solution u{t, x) to ( 11.21) with the initial data uq. If 

9 /*^ 

mi(0) + TO2(0) < — 8|k| when — r— |^o| < Mi, or 

O 

TOi(O) + TO2(0) < -8|k| - 2\/2Ci when -^|/io| > Mi 



up infinite time T. 



#Imo|-5Mi 



^i, then the corresponding solution u{t, x) to il.Ti blows 



Proof. As discussed above, it suffices to consider the case s = 3. In view of (13.11) , ( 12.11) , 
(I2.2I 1 and (II.7I 1, together with Remark fTTI applied, we have 



Utx 



'2""^ ~ ""^^ + 2^0 (w - Mo) - 2/^1 ~ 2kA ^dl u. 



(3.8) 



Thanks to (11.6b , we obtain that 

,a;2 X 13 



^"'5^" = ( Y - i + ii)A^(^'") + (^ - ^) /' /' ^'"(^) '^^^y 



1 rv /"s 



^a; Jo 



d.^u{r) drdsdy, 



which implies 



\A-^dli 



2a; -1 f^ r 



^0 



d'^u{s) dsdy 



1 /-y fS 



d'^u{r) drdsdy 



^K Jo 
(a;--)/ {dxu{y) - dxuiO)) dy + / {dxu{s) - dj:u{0)) dsdy 

^ Jo Jo Jx 



< (1712 -mi)(\x--\ + 



y-x\dy 



< {-1712 - mi) ( \x - -\ + x^ - X + - ] < 1712 -mi. 



From this, together with (llST i, ( |24| ), the fact Uxx{t,Xi{t)) = for a.e. t e [0,T), and 
Lemma l24l applied, we deduce that 



1 2 
-m, < — rn,. 



V3 



1 



o iMoImi - 2'^! ^^l'*l("^2-"^l), i = 1, 2. (3.9) 



di'"'- 2 
Summing up the above two inequalities gives 

— (mi + 7712) < ~-{m\ + m2) + Ml ^— ImoI - Mi + 4|K|(m2 + toi) - 8|K|mi. 



If ^^ImoI < Ml' one has 

— (toi + ma) < -2("^i + "'D + 4|K|(m2 + mi) - 8|K|mi - 2(7^ (3.10) 

Since (mi + m2)(0) < — 8|k|, there is 6q G (0, \] such that (mi + m2)(0) < —a with 
a = 8|k| +(5o > 8|k|. 
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We first claim that there holds 

(rni +m2)(t) < -a for V te(0,T). 

Indeed, note that rh{t) := {mi +rn2){t) + a is continuous on [0, T). If the above inequality 
does not hold, we can find a to G (0, T) such that m{to) > 0. Denote 

ti = niax{t < to| m(to) = 0}. 
Then 

fh{ti)=Q and —fh{ti)>0. (3.11) 

While thanks to 

we get from (13.10b that 

^m(ti) = —(mi + m2)(ii) < -2(^1 + '™2)(*i) + 4|K|(m2 + mi)(ti) - 8|K|mi(ti) 

= -i(mi(ti) + %\K\f - 4|K|(a - 8|k|) < 0. 

This yields a contradiction with ( 13.11b . and this completes the proof of the claim. 

Putting the obtained estimate mi(t) < '"i(')+'"^(*) < _| < _4|k| back into ( Il9] l 
with i = 1, we find 

— (mi(i) + 4|k|) = — mi(t) < --to? _ (72 _^ 2|k|(to2 + mi) - 4|k|toi 
at at 2 

< — m? - Cl - 2|K|a - 4|K|mi 

\ (3.12) 

< --(mi + 4|k|)2 - 2|K|(a - 4|«|) - C\ 

<--(mi+4|K|)2 fora.e. te(0,r), 

which implies mi{t) + 4|k| < on (0,T). From this and the fact that mi{t) + 4|k| is 
locally Lipshitz on (0, T), we see that ftvf4kl ^^ ^^^° Lipshitz on (0, T). Being locally 
Lipshitz, the ^ (t')+4iKi i^ absolutely continuous on (0, T), it is then inferred from (13.12b 
that 

-7-1 TT^— n-r ) > ^ fora-e. te{0,T). 

dt \mi{t)+4\K\J - 2 ^ ' ' 

Therefore, we get 

2(mi(0) +4k|) , , , , 

-^(^)^ 2+(^;(o)+Vi)t -^'-' ''''■'■ ^^(«'^)' 

which implies that the life-span T < ((yi+4k l • 

On the other hand, if ^^\no\ > A*!' we find from ( |3.9b that 

^m, <--TO2 + 2|K|(TO2-mi) + (7i2, i = 1, 2. (3.13) 

Summing up the above two inequalities gives 

— (toi + TO2) < --{ml + ml) + 4|K|(m2 + toi) - 8|k|toi + 2Ci. (3.14) 
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Since (mi +TO2)(0) < -8|k|-2\/2Ci, then there is (5o £ (0, i] such that (TOi+m2)(0) < 
~a - 272(1 + Sq)Ci with a ^ 8|k| + So > 8\k\. 
Again we first claim that there holds for all i e (0, T) 

(mi + m2)(t) <-a- 2\/2(l + So)Ci. 

Indeed, similar to the argument above, note that m(i) := (mi + m,2)(i) + a + 2-\/2(l + 
(5o)Ci is continuous on [0, T). If the above inequality does not hold, we can find a io G 
(0, T) such that fh{to) > 0. Denote 

ti — maxjt < to\ m(to) = 0}. 

Then 

m(ti)=0 and — m(fi) > 0. (3.15) 

at 

While thanks to 

mi(ii) < im(ii) - I - V2(l + So)Ci - -| - ^2(1 + '5o)Ci 
and 
m2(ii) = m(ii) - a - 2%/2(l + (5o)Ci - mi(ti) = -a- 2\/2(l + (5o)Ci - mi(ii), 
we get from (13.14b that 

^m(ii) < --(m^ + ml){h) + 4|K|(m2 + mi)(ii) - 8\K\mi{h) + 2Cl 
= -\mi{ti) - ^ (mi(ti) + a + 2^2(1 + 5o)Ci)' 

- 4|k| [a + 2V2(1 + 5o)Ci) - 8|At|mi(ti) + 2(71^ 

= -J (2mi(ii) + a + 2\/2(l + 5o)Ci + 8|k|) + J (" + 2\/2(l + 5o)Ci + 8|k|) 

- i (a + 2V2(1 + 5o)Ci) + 2C2 - 4|k| (a + 2^/2(l + 5o)Ci^ , 
which together with the fact a > 8\k\ implies 

^m(ii) <\{a + 2^2(1 + So)Ci + 8|k|) ' - ^ (a + 2^/2(l + ,5o)Ci) ' 
+ 2Ci2 - 4|k| (a + 2^2(1 + (5o)Ci) 

= - Va + 2V2(1 + 5o)Ci) + 2Cf + 16\k\^ < 0. 

This yields a contradiction with ( 13.15b . and the proof of the claim is complete. 

Therefore, mi(i) < '"^^*^+'"^^*^ < ^f - ^2(1 + So)Ci < -A\k\ - ^/2(l + So)Ci 
back into ( ITT3T l with i == 1, we find for all t e (0, T) 

— (mi(t) + 4|k|) == ^n^i(^) < ^^rnl + Cf + 2|K|(m2 + mi) - 4|K|mi 

< -^mj + Cf - 2\k\ (a + 2^2(1 + Sq)Ci) - 4\K\mi 



= -^(mi + 4|k|)2 + Cf - 2\k\ (a - 4\k\ + 2^2(1 + do)Ci 
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which implies TOi(t) < — 4|k| — \/2(l + (5o)Ci on (0,T). From this and the fact that rni(t) 
is locally Lipshitz on (0, T), we see that ^ ('t')+4kl ^^ ^^^° Lipshitz on (0, T). Being locally 
Lipshitz, the (tl+iini ^^ absolutely continuous on (0, T), it is then inferred from (13.12b 
that 

> on ^° , N for a-e- teiO,T). 



dt \mi{t) + AIkI J - 2(l + ,5o) 
Therefore, we again get 

"^i(^) < TTT^ n r^ 77T^ 7r~Fvr ^ 4 k for a.e. t e (0,Tj, 

^ ^ - 2(l + (5o) + (5o(TOi(0) + 4|K|)i ' ' ^ ' ^' 

which implies that the life-span T < — ^ , ^ fm+ikir '^'^^^ completes the proof of Theo- 
remO " ' D 



Remark 3.2. Theorem \3.3\ does not overlap with Theorems \3.1\ or Theorem \3.2\ which may 
be easily verified when we consider the two cases, /ii 3> |k| ~ |/io| and ^i <C |k| ~ |/io| 
respectively. 

Using the conserved quantities H2, we can derive the following wave-breaking result. 

Theorem 3.4. Let uq g _/?"(§), s > 3/2 and T > be the maximal time of existence of 
the corresponding solution u{t, x) to M.2\ with the initial data Uq. If 

{Po + k)H2 < -pt + -fio{nQ + k){2pI + ^l), noif^o + k) > 0, or (3.16) 

(/io + k)H2 < ^fij + -/io(Aio + k) hfif, + (1 + ^)m? j , Ml^o + k)<0, (3.17) 

where fiQ, fii are defined in ( 12. Il l and (|2.2| l, then the corresponding solution u{t, x) to M.2\ 
blows up infinite time T with 

1 + I (5^0^(2;) dx\ 
0<T<6+ 3 \i 2I02. \ol ^ ^TJ ^ 'f Mo(Mo + «)>0 

§ /zf + 6/Lto(A*o + «;)(Mi + 2Mo) - 12(^0 + n)H2 



1 + I rs"nT-(2;) da:| 

0<r<6+.5— ^ -n ^ \ X , ^x ; ^ — , ;/ Mo(M0+k)<0 

- fMl + Mo(Mo + K)((6 + ^)M? + 12M§)-12(Mo + K)i?2 



liminf inf Ua.(i,x) = — cjo. 
nr \x£S 'J 

Proof. Again it suffices to consider the case s — i. Recall that 

H2 = / /^ow + Ku -\ — uu^ J dx 
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is independent of time t. In view of ( 13.31) . we obtain 

— ul dx ^ -- ul dx - -^il + 6{^j,Q + k) uul dx 

— 6(^0 + k)mo / u^. dx 

Js 

If 3 

= ^ o h^t dx- -^1 + 12(/io + k)H2 - 6^o(a^o + k)Mi 

— 12/zo(/io + k) u^ dx. 

Js 

If /io (/io + k) > 0, it then follows from Holder's inequality that 

Aio(/io + k) I u^ dx> fioilJ'O + k){ u dxf = ^o(^o + «)• 
Js Js 

Hence, we have 

-/if - 12(/io + K)i?2 + 6/io(A*o + K)fil + 12^o(/Uo + k) / u^ da; 
^ Js 

3 

> -^t + 6/io(Mo + k)(m? + 2mo) - 12(mo + K)i/2 =: Co 

Thanks to the assumption ( 13.161 ). we get Cq > 0. 

On the other hand, if /ig (/io + k) < 0, we get from ( I2.7l i that 

/io(/io + k) j u^ dx> /io(/io + k) f ■T-^^A + Mo 

It then follows that 

-p\ - 12(/io + K.)H2 + 6/io(Mo + n)^A + 12/io(Ato + «) / u^ dx 
^ Js 

> ^l^t + l^oil^o + k) ( {6 + ^)nl + 12 fiU ~ 12{^lo + k)H2 ^■. Co 



(3.18) 



(3.19) 



(3.20) 



Thanks to the assumption ( 13.161 1. we also get Cq > 0. 

In view of ( I3.18I )-( I3.20I) . together with Holder's inequality applied, we deduce that 

4 

— juldx<--juidx-Co<--ijuldx\ -Co. 

Define V{t) = /g u^(i, x) dx with t E [0, T). It is clear that 

j^V{t) < -^{V{t))l _ Co < -Co < 0, te [0,T). 
Let ii = (1 + |y(0)|)/Co. Then following the proof of Theorem l3 . 1 1 we have 

r< ti + 6 < +00. 

This implies the desired result as in Theorem l3.4l D 



ON THE WAVE-BREAKING PHENOMENA AND GLOBAL EXISTENCE FOR /j-CH EQUATION 17 

4. Existence of global strong solution 

In this section, attention is now turned to specifying conditions under which the local 
strong solution to the initial-value problem dl.lb can be extended to a global one. 

Theorem 4.1. If the initial potential toq G H^{S) satisfies that mo + k does not change 
the sign, then the solution u(t) to the initial-value problem (II. Il l exists permanently in time. 

Proof. Let T be the maximal time of existence of the solution u to ( 11.2b with the initial 
data uo, guaranteed by Proposition l2.1l 

Assume toq + k > 0. We prove that the solution u{t, x) exists globally in time. Indeed, 
thanks to Lemmal23]and Remarkl231 we find m{t]+K > Oon[0,r)x§. Given t e [0,r), 
by the periodicity in the a;-variable, there is a £,{t) G (0, 1) such that Ux{t,£,{t)) = 0. 
Therefore, for x e [£,{t), £,{t) + 1] we have 

pX pX pX 

—Ux{t,x) = — / dxu{t,x)dx^ / {m{t,x) + k) dx — / [ij.{u) + k] dx , 

which leads to 

— Ux{t,x)< / {m{t,x) + k) dx — {^Q + k){x - ^{t)) 

Jm (4.1) 

(too + k) dx- (/io + k){x - ^{t)) ^ (no + k){1 ~ X + £,{t)) < |/io + k\. 



On the other hand, if toq + k < 0, then m{t) + k < on [0, T) x §. Using the same 
notation as above, we find that 



— Ux{t,x) = — / dxu{t,x)dx~ / [in{t , x) + k] dx — / [ii{u) + K]dx 

J^t) Jat) Jm (4-2) 

<-{tio + K){x-^it)) < \^lo + K\. 



From ( 14.11 ) and ( 14.21 ). we deduce that u exists permanently as a consequence of Proposition 

EH □ 



Theorem 4.2. If the initial profile uq G iJ"^(§) is such that 

\\^luo\\L■^<2V3\^^o + l^l (4.3) 

then the initial-value problem il.Ti admits global solutions in time. 



Proof. Let T be the maximal time of existence of the solution u to ( 11.21 ) with the initial 
data Uq, given by Proposition l2.1l 
By Lemma im we get 



max(5>o)^ - 12 / *^^^"°)^ '^^' 
which gives rise to 

||5^uo|U~ < ^Wdluoh^. (4.4) 

If Ho -\- K > 0, it then is inferred from (14.4b and the assumption ( 14.3b that 

mo + K = ^0 + K - 5^"o > Mn + K pll^^wolU^ > 

Similarly, if /J^o + /« < 0, one obtains from (14.4b and ( 14.31 ) that 

mo + K = Aio + K - 9^uo < Mo + K + -— ||5|uo|1l2 < 0. 

6 
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Therefore, in view of Theorem l4.11 the proof of this theorem is complete. D 

5. Existence of global weak solution 

In this section, we estabHsh the existence of an admissible global weak solution to ( 11.21) . 
which may be stated as follows. 

Theorem 5.1. Assume that uq G H^(S). Then the initial-value problem ( 11.11 ) has an 
admissible global weak solution, u ~ u{t, x), in the sense of Definition U .2\ Furthermore, 
this weak solution u{t, x) satisfies the following properties. 

(i) One-sided supernorm estimate: There exists a positive constant C — C{uq) such 
that the following one-sided L°° norm estimate on the first-order spatial derivative holds 
in the sense of distribution: 

d^u{t,x)<- + C, V t>0, xeS. (5.1) 

(ii) Space-time higher integrability estimate. 

d^ueLl^{m+ xE), Vl<p<3, 
i.e., for any < T < +oo, there exists a positive constant Ci — Ci (T, p) such that 

I I \d^Ue{t,x)\Pdxdt<Ci, Vl<p<3. (5.2) 

Jo Js 



The proof of this theorem is motivated by the one of Theorem 1 .2 in [41] . This method, 
as far as we know, was first used by Zhang and Zheng to study an admissible global solution 
to a variational wave equation in ||45l . 

5.1. Viscous Approximate Solutions. We obtain the existence of a global weak solu- 
tion to the initial-value problem ( |1.2t by proving compactness of a sequence of smooth 
functions {ue}e>o solving the following viscous problems with the initial data u^q{x) = 



(5.3) 



' dtu^ + UedxU^ + dxPe — ed^u^ = 0, i > 0, a; e M, 

{li-dl)Pe = 2^i{u,)ue + \{dxUef +2ku,, t > 0, xeR, 
Us{t,x + 1) = u^{t,x), t>0, X e M, 

or equivalently, 

dtm^ — ed^m^ + 2KdxU^ + u^dxin^ + 2'm^dxU^ — 0, t > 0, a; e M, 
m, = {n- dl)u^, t > 0, X e M, 

We(i,a; + 1) = We(i,x), i > 0, x e M, 

Ue{(^,x) = Weo(x), a; e R, 

where the truncating family {(/)e(x)}£>o satisfies 

(j}e{x)^e-^(t){x/e) with e > 0, e C^(]R), > 0, ||0||li = 1. (5.5) 

The existence, uniqueness, and basic energy estimate on this approximate solution se- 
quence are given in the following proposition. 



(5.4) 
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Proposition 5.1. Let e > and mqs G -ff'^(S) for some fc > 1. Then there exists a 
unique solution u^ G C(M+; H'^{S)) to the initial-value problem (I5.3l l. Furthermore, the 
following energy identities hold for all t > 0. 

fi{ue{t)) ^ fi{uoe) and I {dxUeY{t,x)dx + 2£ I {dlu^Y{t,x) dx ^ I [d^UQeYdx. 

J§ Js Js 

(5.6) 

Remark 5.1. Thanks to (15 .St . together with Young's inequality applied, we deduce that 
K^oe) = / / -<t)i-)uoix - y) dydx = / -(/){-){ uoix - y) dx)dy 

JS JR £ £ JR £ £ Js 

/■ 1 y 

= p{uo) / -(j){-)dy = p{uo) = p-o 

and 

/ {dxUos)^dx = \\(j)e *dxUQ\\l2 < \\(j)e\\L^\\dxUQ\\'l2 = \\dxUo\\l2 = Ml- (5-7) 

Js 

The strategy of the proof of Proposition lS.ll is rather routine. For the sake of simplicity, 
we will only sketch the necessary estimates. While for the convenience of presentation, we 
will omit the subscript e in u^ in the following proof. 



Proof of Proposition \5.1\ First, following the standard argument for a nonlinear parabolic 
equation, one can obtain the local well-posedness result that for uoe G i/''(S), there exists 
a positive constant Tq such that ( 15.3b has a unique solution 

u = u{t,x) e C([0,To],i/'^(§)) nL2([o,To],iJ^+i(§)). 

We denote the life span of the solution u{t, x) by T. Then, ( I5.6l l holds for all < t < T. 
Next we claim that if the Ufe span T < +oo, i.e., u e C([0, T),H''{S)), and 



then 



lim ||u(i, •)||Hfc(s) = +00, T < +00, (5.8) 



lim / \\dxu{T,-)\\L^rs)dT = +00, T < +00. 

Indeed, assume that the maximal existence time T < +cx). It then follows from the equa- 
tion in ( 15.31 ), together with ( 15.61 ), that for t < T 

2^II"IIh^(s) + '^\\9xu\\fjk(^g^ 

fc , /I X (5.9) 



Q=0 

Note that 



E I [l^Mdyf + {udl+'^u - d^{ud.u))dy - dl+^Pdy^ dx 



Q = 

and 



E I (ldMd:uf^ dx < Ck\\dMmL-is)Mt)\\l.^s) (5-10) 



9i+"pa«wdx| < \\d:u{t)\\msM+"P\\msy (5.11) 



(5.12) 



u\\h>'(S) + 2£||<9^w|Ih'o(s) < Cfedia^rMlU- + 1)||w|Ih''(s)- "^^'l^) 
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Due to Remark [TTl we apply a standard elliptic regularity estimate to (11.81) to obtain that 

for < a < fc 

l|a^+"P|U. < c {Hu)\' + \\u\\l. + 4u\\ms) + \\d:-\id,uf)\\l.' 

< C {\fi{u)f + ||u||^i + k||u||l2(s) + ||9j;-u||loc||u||^„) . 
Applying the Kato-Ponce commutator estimate ||29l yields 

Wudl+'^u - d^{ud,u)\\L2^s) < Ck\\dMt)\\L^(S)\\dMt)\\L-(S), (5.13) 

which, together with ( 15.101 ), ( 15.111 ), ( 15.121 ) and iSM apphed to i53[ , leads to 
d_ 
di 

Hence, if limf_j.T /n \\dxu{T, ■)\\l°°(s) dr < +cx), then applying Gronwall's inequality to 
( 15.14b , we get limj^T ||u(^7 ■)ll-rf''(S) < +oo, which contradicts ( I5.8l l. This completes the 
proof of the claim. 

On the other hand, thanks to Lemma ITTl we get 

max {dxu(t,x)) < — \ {d^uf{t,x)dx. 
xes 12 Jg 

From this, together with (I5.6l l, (15.7b and Holder's inequality, we obtain that for any < 
t <T 

\\dxuiT,-)\\L^(^g)dT < —- / ||a^u(r, •)||L2(s)dr < — -^r^||92;Wo||£2(g), 
/o Jo i^ye 

which implies that the life-span T = +cx). Furthermore, ( 15.6b now holds on [0, +oo). This 

completes the proof of Proposition l5.1l D 

5.2. Uniform A Priori Estimates. Let uo G H^{S) and u^{t,x) be the unique global- 
in-time solution to ( 15.3b obtained in Proposition 13.11 which satisfies the energy identity 
( 15.6b . To obtain the compactness of this approximate solution sequence, we need some 
a priori estimates in addition to (15.6b . In this subsection, we derive the uniform one- 
sided supernorm estimate ( 15.1b and the space-time higher integrability estimates ( 15.2b on 
dxUe {t, x), which are essential for our compactness argument. 

We start with the uniform one-sided supernorm estimate, which is similar to Oleinik's 
entropy condition for the theory of shock waves ||40| . 

Proposition 5.2. There holds 

2 

dxu,{t,x) <-+Lo, Vi>0, xeS (5.15) 

with the constant 



Lo:=^2{fio + K)^ + - til- 
Proof. Set q^ — dxUe- Differentiating the first equation in ( 15.31 ) with respect to x, we get 
from Proposition l5.1l and Remark lSTI that 

idtqe + Uedxqe - edlq^ + \{qef = 2(ue - Mo)(mo + k) - \ti{ql), ,^ ^g. 

\qe{t,x)\t=0 ^dxUoe- 

Thanks to (|2.4b (up to a slight modification), one has 
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While from (15.6b . we deduce that 



So, 



\\\u^{<i)\\L^ <\^A. 



\\2{u, - ^io)Uio + k) - 2M(9e)IU- < (mo + i^f + ■Y^^A = -^Ll (5.17) 

Define Qe(i)(for i > 0) which solves the following ordinary differential equation 

Qe{t = 0) = max{0,(9xWoe}- 

Then the function Qe{t) is a supersolution of the parabolic initial-value problem ( 15.161 ). 
The comparison principle for parabolic equations leads to 

qe{t,x)=d,u,{t,x)<Qe{t), V<>0, xeS. (5.19) 

While a direct computation yields that L{t) := | + Lo(with t > 0) satisfies 



-Lit) + -L{tf = IlI + ^> -Ll 
dt ' ' 2 ^ ' 2 ° < 2 °' 



which implies that L{t) is a supersolution of (15.181 1. Hence, the comparison principle for 
a parabolic equation yields Qe{t) < L{t) for all t > 0, which together with (15.19b admits 

Next, we establish the uniform local space-time higher integrability estimate ( 15.2b mo- 
tivated by the idea in Il36ll41ll44ll45ll46l . which is crucial to studying the structures of the 
Young measure associated with the weak convergence sequence dxU^. 

Proposition 5.3. LetO < a < 1, T > 0. Then there exists a positive constant C depending 
only on ||?io||_ffi> T( but independent of e) such that 

I \dxUe{t,x)\^+"dxdt<C, (5.20) 

where u^ = Me(i, x) is the unique solution of (15.3b . 

First, a direct computation yields that 

Lemma 5.1. d?]) For every < a < 1, the function e{^) = ^(|^| + 1)" with ^ G M 
satisfies the following property. 

e'io^iia + m\ + i)m + ir-\ 

e"{0 = a{a + l)sign{Om + l)"-i + a{l - a)sign{Om + l)"-^, 

1 1 — (T 

and 

m)\<\T^' + u ie'(e)i<(« + i)ici + i, mc)i<2a. 

We are now in a position to prove Proposition [ 
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Proof of Proposition \5.3\ Multiplying the equation in (15.161 1 by 9' (qe), we get 
dtOiq,) + uA0{q,) ~ e6'{q,)dlq, + \e' {q,){q,f 

= e'{q,) [2{ue - Mo)(/io + '«) - \tJ^{ql) 
Integrating the above equation over [0, T] x §, we obtain by integration by parts that 

[q,e{q,)~\{q,Ye'{q,)]dxdT 

9{q,){T) dx ^ f 9{qem dx + e f f{d^q,f9"{q,)dxdT (5.21) 

Js Jo JS 

/ ( 2(ue - Aio)(Mo + k) - 2f^il'^) ) ^'{Qs) dxdr. 
It follows from Lemma lSTI that 

/ / U9{qe) - kqefe'iqei) dxdr > i-^ / / |g,r" dxdr (5.22) 

and 



9{q,)iT)dx\< i\q,{T)\'+'^ + \q,iT)\)dx 
s Js (5.23) 

< |ke(T)||it("s) + \\qs{T)h^s) < m1+" +m- 
Similarly, we have 

\ f9{qemdx\<^il+'^+^l,. (5.24) 

Js 

On the other hand, thanks to (15.6b and ( 15.17b . together with Lemma ISTI applied again, we 
deduce that 

S 



I f{d^qef9"{qe) dxdr < 2a£|19,<Zelli2([o.T]xS) < «Ai? (5-25) 

Jo Js 



and 



/ i'2{ue- ^J-o)i^J■o + K) - -^i{q'^))9'{qA dxdr 

< |!2(u, - Aio)(Mo + «:) - ^M('?e)llL~([o,TlxS) / / ((1 + c^Ml + 1) dxdr (5-26) 

^ Jo Js 

<^T(l + (l + a)A.i). 

Therefore, plunging (I5.22b - (l5.26b into (15.21b . we get ( 15.20b . which completes the proof of 
Proposition l5.3l D 

5.3. Precompactness. In this subsection, we drive the theory of Young measures (see 
Lemma 4.2 in [41], also ^42], [43|,|44|, |46|) to obtain the necessary compactness of the 
viscous approximate solution Ue{t, x). We first state a compactness lemma. 
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Lemma 5.2. (" 11381 ) Let X, B, Y be three Banach spaces and satisfy X ^->^-> _B ^-> F, 

1 < p < oo, T > 0. Assume that a set F of functions f is bounded in i^([0, T], X) and 
satisfies that 

ll/(- + /i) -/(OIlipCo^T-^iy) ^ as h ^ 0, uniformly for f E F. 
Then F is relatively compact in LP{[0, T], B) (and in C([0, T], B) ifp — ooj. 

With this compactness lemma in hand, we can prove the weak convergence property in 

i°°(R+;iJi(§)). 

Proposition 5.4. There exist a subsequence {w^. (t, x), ii{(dxU^. (t, a;))^)} of the sequence 

{ue{t,x), ^((9xMe(t,x))^)} and some functions {u{t,x), \li{t)}, u £ L°°(R+; iJ^(§)) 
andUiit) e L°°{R+), such that 

u^. ^ u as J — > +00 uniformly on each compact subset of R^ x § (5.27) 

and 

^l{{^xU^^{t,x)f)^IVl{t) in iL(M+) as j ^ +oo V 1< p < +oo. (5.28) 

Proof. According to ( I5.6l l, one has that u^ E i°°(M+; iJ^(§)), and m^ is uniformly bounded 
in H^ (§). While the first equation in (I5.3l l yields 

dtUe = ed^Ue - UedxUe - dxPe- 

Thanks to (II.8I 1. ( I5.6l l and ( I2.5l l. together with Holder's inequality appUed, we obtain 

WdxPeWms) < \\dxPe\\L^(S) < ^ (a^O + (MO + ^f) + ^ + ^) M?, 
C II Me II LOO II O*:, We 11^2 < /^i W /ig + - 

Vi||a2M^||i2([o,T]xS) <Aii for V r>o. 
So, we have 

ll^t"ellL2([o,T]xS) ^ C{lJ,a,pi,T) 

with the constant C{pQ, pi , T) independent of e, and consequently, 

at^eeLL(M+;L2(§)). 
From this, fixing T > 0, we get for < t, s < T, 

||Ue(t)-Me(s)|||2(s) = / f / atWe(T-,x)dTJ dx < |t - s| 3 ||atWe|| i2([o,r] xS) • 

Therefore, applving Lemma l5.2l together with the embedding theorem H^ (S) ^->M' C'(S) ^ 
L2(S), we deduce (1523. 

On the other hand, we get from the second equation in ( 15. 6t that 

||/^((9xWeJ^)||L-(R+) < M? and 

|/i((a.Ue,)') = -2e||aXHi^, (5.29) 



|Me9xUe|lL2(S) < || WelU"" |15:cWe||L2 < AflA/Mo + '^^^^l ^"'^ 



which together with ( 15.61 ) once again implies 

d 
'dt' 

Therefore, the standard Lions-Aubin's Lemma applied implies ( |5.28t . This completes the 
proof of Proposition |5.4| D 



\\-7:l^{{dxUe,f)\\L^(R+) < pI- 
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Now let iit,x{^) be the Young measure associated with {qe}e>o- The theory of the 
Young measures (see Lemma 4.2 in El, also 1271, ES, 1^, fSl, ED, EH) applied 
implies that, for any continuous function / = /(A) such that /(A) = o{\X\^)andd\f{\) — 
o(|A|''"^) as |A| -^ +00 and r < 2, and for any -ip £ L^(S) with 7 + § == 1, there holds 



lim / f{qS, x))V(x) dx = / fiqWx) dx (5.30) 

uniformly in every compact subset of M+. Here 

W)-= I /(^) d^JitA>^) e C([0, ex.); i'-'/-(§)) 



with r' G (r, 2). Moreover, for all T > 0, there hold 

lim / / g{qg)(pdxdt = / / g{q)ipdxdt 
e->0 7o J§ Jo Js 

and 

A e iL(If^^ X § X M, dt ® dx (g) dnt,xW)) for all ^ < 3, 
where 5 = g{t,x,X) is a continuous function satisfying g = o(|A|^) as |A| — > +00 for 
some i < 3, and with 4 + — < 1. And also 

A e L°° (R+; i2(§ X R, dx (g) dfit^xW)) and g(i, x) = 9j;u(i, x). (5.31) 

We are in a position to study the structure of the Young measure nt.x{^)- 

Lemma 5.3. Let E = E{X) e W^'°°{M.) be a given convex function satisfying E{\) — 
0{\X\) and the first derivative DE{X) ~0{l)for\X\ — > +00. Then there holds 

dtWq)+dx{uW))<^E(^-\q''DE{q)+~DE{;q)[2{u-y.o){t^„ + K)-hl^] (5.32) 

in the sense of distributions on K+ x §. 

Proof. Multiplying the first equation in (15.16b by DE{q^), we get 

dtE{q,) + uAE{q,) ~ eDE{q,)dlq, + ^DE{q,){q,f 



/ 1 X (5.33) 

= DE{q,) f 2(Ue - Aio)(/io + k) - -/i(g2) 

which implies 

dtE{q,) + d^{u,E{q,)) = q,E{q,) + ed,.{DE{q,)d^q,) ~ e D^ E (q,) {d.,q,f 

- ^DE{q,){q,)^ + DE{q,) (^{u, - tlo){^o + ^) - ^^Qe) 

Noting that y/edxqe is uniformly bounded in L^(]R+ x §) (according to ( I5.6l l). and taking 
the limit e ^- 0, one obtains from Proposition l5 .41 and ( 15.31b that ( 15.321 ) holds. D 

Taking £;(A) = A in ( 15331 ) gives 

dtqe + dx{Ueqe) = sO^qe + ^^qe)^ + f 2(^6 - Mo)(MO + «) - -fJ-{q^) 



Similar to the proof of Lemma l531 we may get 
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Lemma 5.4. There holds 

dtq + ud^q = (i? - t) + (2{u - Aio)(Mo + «;) - l^ij (5.34) 

in the sense of distributions on R+ x §. 

Lemma 5.5. Let E = E{\) € W^^^°°(R) be a given convex function satisfying E{\) — 
0{\\\) andDE{\) = 0{l)for |A| -^ +oo. Then there holds 



dt{E(q) - Em + d.,{u{E{q) - E{q))) 
< ^ {\E{X) - ]^DE{\)\^^ dfit^^iX) + \DE{q){qf -qE{q) 



(5.35) 



1. ^ ._,2 



-DE{q){q^ - [qY) + {DE{q) - DE{q)) ( 2(7i - /io)(A^O + ^) - ^^l 

in the sense of distributions on M+ x §. 
Proof We first get from ( 15.34b that 

dtq + udJi^(^-lf)+ r2(7^-Aio)(Mo + K)-inij (5.36) 

Taking the convolution of ( |5.36l l with the standard Friedrichs mollifier, j^ {x), one gets that 

dtif + ud^^if - 35 * ((^-t) + Uiu - ^i^){^i^ + «) - \^X\ + n, (5.37) 

where q^ — js *q, rg ~ udx'q^ — js * (udxq)- Multiplying (I5.37l i by DE{q^) gives rise to 

+ DEiq') |j, * ((^?- g') + (^2(u- /io)(/io + ^^) - ini)) + 7-5^ ^^'^^^ 

Taking the limit (5 ^- 0+ in ( 15.381 ) and using the fact that, 

rs^O as (5^0+ in LI^{R+ , L\§)) , 
which follows from lemma II. 1 of IBTI . one obtains that 

dtE{q)+dx{uE(7!) 

1- ,_,2 /.. ^. . ^ l^^^ (5.39) 



= qECq) + DE{q) l-q^ - {qY - f 2(« - /io)(Mo + '*) - ^^i 
Subtracting (l539b from (15321) yields dSJSl) . D 

Lemma 5.6. For each R> 0, 



lim iQ%iq)it,x)^Q^{q)it,x))dx = 0, (5.40) 



w/iere 

QrW - ^ 2 



iA2 */|A|<i?, 



and Q^{X) := 1\>oQr{X), Qjj(A) := 1\<qQj^{X) for A G R, where \a denotes the 
characteristic function of the set A. 
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Proof. Thanks to the definition of Qr{\) and Q^{\), one may verify that Q%{\) and 
Qb.W = Qti.W + QrW ^11 satisfy the assumptions on E in Lemma |531 so one can 
apply ( 15.351 ) to all of them. 

Note that Qb(X) is a convex function, we get from Jensen's inequality that 



0<QR{q)it,x)-QHiq) 
= l{¥- (qf) -\{IJ^\ Rnw>RdntA^) - {\q\ R)'l\^\>i?j- 
While (|A| — R)^l^x\>F!. is a convex function, one gets that 

J (|A| - i?)'l|A|>fl d^xtA^) - i\q\ - i?)'l|^|>fl. > 0. 
Hence, 



1.^ 



< Q%{q) - Q%iq) < Qniq) - Qniq) < -{q" - {qY). (5.41) 

On the other hand, thanks to the fact that u e C(K+ x S) and ( |5.31t , we get for each test 
function 0e C°°(§) 



lim / q(t,x)(j){x) dx — — lim / u{t,x)dx(f>{x) dx 



uo{x)dx4'{x) dx = / qo{x)(j){x)dx. 
Js 

From this, together with the fact that q^ (e C(R+ ; i^ (§)) n L°° (R+ ; L^ (§))) is uniformly 
bounded with respect to e > 0, we obtain that 

q{t,x) ^- qo{x) — dxUo as i ^ 0+ in i^(S), 
and so 

lim I {q{t,x)fdx> {qo{x)f dx. 



t-i.O+ ^ _^ 
While the energy estimate ( 15.61 ) together with ( 15.301 ) implies that 



lim (q(t,x)) dx < lim / q(t,x)^ dx < (qa(x)) dx. 



Hence, we have 



lim (q(t,x)) dx = lim / qit.xYdx— (qo(x)) dx, 

which along with ( 15.411 ) implies ( 15.401 ). D 

We are in a position to prove that the Young measure /ij ^.(A) is a Dirac measure. 
Lemma 5.7. Let fJ-t.xW be the Young measure associated with {qe}e>Q- Then 

^itA^) = 5q,^t,x)W V a.e. (t,x)eR+x§. (5.42) 
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Proof. We first apply ( |535] | to £;(A) = Qj(A) to obtain 

< K / A(A - i?)lA>fl dMt,r.(A) - 9(9 - i?)lq>fl j 

- \dQI. {q){¥ - {qf) + [DQliq) - DQ+{q)) (^2{u - a.o)(mo + «:) - ^Hi^ . 

(5.43) 

Note that both q(t, x) and qe{t, x) are bounded above hy j + C with C = Lq in ( 15.151 ). 
Thus, Supp^t,a:(-) C (-00, f + C). Therefore, for i? > f + C, i. e., t > -^ ( for 
R > C), one gets from ( 15.431 1 that 



dt{QUq) - Qtm + d. u QS(g) - g^® 



(5.44) 



< {DQliq) - DQ+{q)) ( 2(u - Aio)(Mo + «:) - 2^1 
which implies for t > „^„ that 

+ /" ^ f{DQ+{q) - DQ+{q)) (^2(u - Aio)(/^o + «) - ^Hi j dxds. 

For any /, define /+ := max{/, 0}, /_ := min{/, 0}. Using this notation, together with 
the definition of Q'^{q), one has 

OUqi-QUq) = l(^- (q+f) -U [i>^- R)^^x>Rdt^tA>^) - {q-R)%>B. 

= \(^-iq+f) 
and 

DQ+{q) - DQ+{q) = {qT- q+) - |^(A - R)lx>R dflt.A>^) ~ {q ~ R)1^>b] , 
which applied to (I5.44l i gives rise to 

{q+- {q+f){t,x)dx< 2 / {q^-qA (2{u~fio){fio + K)^-Ui\ dxds 

+ ^(^ - (g+)2)(-^^, x) dx-2 j ^ ^ (^2(u - ^o)(^o + «;) - ^Hi 

X ( hX-R)lx>Rd^it,xW~{q~R)'i-q>RJ dxds. 

Taking the limit R — > +cx) and using ( 15.311 ), ( 15.401) . and the Lebesgue dominated conver- 
gence theorem, we conclude that for alH > 

j{^-{q+f){t,x)dx<2 j l{q^^q+)U{u-fio){fio + K)-^uA dxds. 

(5.45) 



28 GUILONG GUI, YUE LIU, AND MIN ZHU 

Since q^ ^ (9)^ = (9+ — (9+)^) + (^i ~ (9_)^), it remains to estimate the part associated 
with (g^ — (g_)^), which may be approximated by Q^{q) — Q^^iq) as R goes to +00. 
Indeed, we apply ( 15.351 ) to E{X) — Q^(A) to obtain 



dtiQniq) - Qniq)) + d.,{u{Q-^{q) - Q+im 
< -^{ [ H^ + R)lx<-R.dtit,.W -q{q + R)lq<-H} 

- \DQ-^{q){^- [qf) + {DQ'^iq) - DQ-^m (2{u - /io)(/io + ^) - ^Hi 
Hence, integrating this inequaUty over [0, t) x S and using ( 15.40b . we get that 



R "* 



{QR{q) - Qumit, x)dx<'-^J j{q^- {qf) dxds 

R 

"2 



/ j \ j \{\ + R)l^<^Rd^itA^)-l{l+R)M<-ii\ dxds (5.46) 
+ / j{DQ'^{q) - DQ-^{q)) [2{u - ^io){t^o + «) - 1^1 j dxds. 



While a direct computation yields 



= l(^- (9-)') - |{ / (^ + Rflx<-RdfitA>') - {q + Rfh<-R}, 
which together with ( I5.45l l and ( I5.46l l leads to 

(^(^- (9+)') + Q-Rki) - QRi^)) it,x) dx 

i l(l(^-(Ji+f) + QRi<i)-QBWys,^)dxds 

+ ^ f f U RiX + R)lx<-RdfitMX) - RiQ + R)h<-A dxds 

+ J J {DQ-^{q) - DQ^iq) + qT-q+) f 2(w - ^o)(/io + «) - ^Hi j dxds. 

(5.47) 
Note that 



<R 



Q < DQ-^{q) - DQ-^{q) + q^ -q^ 

= - ( f (X + R)lx<-Rd^it.A^) - {q + R)lg<-R 

Let L > (for example, taking L = L^in ( 15.15b ) be a constant such that || 2(m — /io) (/io 
k) - i^(g2)||^^ < k (see dSTT] )). Then, 

/ j {DQ^{q)-DQ-^{q) + q^-q^^ [2{u - ^iq){hq + k) - -IlA dxds 



R 

< — 

- 2 
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Therefore, for R > ^/L, we get from the fact that (A + R)l\<-ji is a concave function 
that 

? / f ( f R{X + R)lx<-Rdnt.xW ~ R{q + R)lg<-R) dxds 
^ Jo Js. \Jm J 

+ 1 I (^DQ]^{q)~DQ^{q)+qT-q+)(2{u-fio){f^O + K)--Uij dxds 

"?/ /(/(^-|)(^ + ^)l^<-«^'^*.-W-(^-|)(^+^)l?<-i?) dxds 

<0. 

(5.48) 

It follows from ( 15.47b . ( I5.48l l and Gronwall's inequality that 

y (lioX - (q+f) + Qniq) - QRiq)) {t, x) dx = 0, V t>0. (5.49) 

Thus, by Fatou's lemma, one can take the limit as i? — > +oo in (15.49b to conclude that 

{<f~{qf){t.x)dx<Q, V t>0. 
From this, together with the fact (g)^ < q^, we get 

hf{t,x)dx= {qf{t,x)dx, V t > 0, 
which implies (15.42b . D 

5.4. Proof of TheoremlSH 

Proof of Theorem \5.1\ With all the preparations given in the previous subsection, we are 
in a position to conclude the proof of the theorem. Let u{t, x) be the limit of the viscous 
approximate solutions u^{t^ x) as e ^ 0^. It then follows from Propositions 15 . 1 1 \52\ and 
Elthatu(i,a;) € C(M+ x ^) r\ L°°{m.+ ,H^{S)),n{t) e L°°{m+) and (O O) hold. 
Now we claim that 

qe = d^u, ^ q = d^u as £^0+ in Lf^^{R+xS). (5.50) 

Indeed, it follows from ( 15.31b and Lemma lS^ that there exists a subsequence of {ue {t, x)}, 
still denoted by itself, such that 

qe = d.,u, ^ q = d^u in L];^^(]R+, LP^(S)) V pi < oo, p^ < 2. 

This together with Proposition |5 . 3 1 and a standard interpolation theorem applied implies 

qe = d^u, ^ q ^ d.,u in Lf„^(E+x§) V p < 3, (5.51) 

which gives ( 15.50b . 

Thus, we get from ( |5^ and (ESI that n(t) = ^{{d^uf). 

Taking e -^ 0+ in ( 15.31 ). one finds from ( 15.50b and Proposition l5 .4l that u is an admissible 
weak solution to ( 11.21 ). It then follows from ( 15.511 ) that dxU e Lf^^(M+ x §) for any 
1 < p < 3. Hence the local space-time higher integrability estimate ( 15.21 ) holds. This 
completes the proof of Theorem |5.1| D 



30 GUILONG GUI, YUE LIU, AND MIN ZHU 

Acknowledgments. The work of Gui is partially supported by the NSF of China under 
the grant 11001111, and the Jiangsu University grants 10JDG141 and 10JDG157. The 
work of Liu is partially supported by the NSF grant DMS-0906099 and the NHARP grant 
003599-0001-2009. 

References 

[1] Mark S. Alber, Roberto Camassa, Darryl D. Holm and Jerrold E. Marsden, 
On the Link between Umbilic Geodesies and Soliton Solutions of Nonlinear PDEs, Proc. R. 
Soc. Lond. A, 450 (1995), 677-692. 
[2] A. Bressan and a. Constantin, Global conservative solutions of the Camassa-Holm equa- 
tion. Arch. Ration. Mech. Anal, 183 (2007), 215-239. 
[3] A. Bressan and A. Constantin, Global dissipative solutions of the Camassa-Holm equa- 
tion. Ana/. Appl, 5 (2007), 1-27. 
[4] G. BUTTAZO, M. GlAQUINA, S. HiLDEBRANDT, One-Dimensional Variational Problems: An 

Introduction, Clarendon Press, Oxford, 1998. 
[5] R. Camassa and D. D. Holm, An integrable shallow water equation with peaked solitons, 

Phys. Rev. Lett., 71 (1993), 1661-1664. 
[6] C. S. Cao, D. D. Holm and E. S. Titi, Traveling wave solutions for a class of one- 
dimensional nonlinear shallow water wave models, / Dynam. Differential Equations, 16 (2004), 
167-178. 
[7] G. M. COCLITE, H. HOLDEN, AND K. H. Karlsen, Global weak solutions to a generahzed 

hyperelastic-rod wave equation, SIAM J. Math. Anal, 37 (2006), 1044-1069. 
[8] A. Constantin, On the Cauchy problem for the periodic Camassa-Holm equation, / Differ- 
ential Equations, 141 (1997), 218-235. 
[9] A. Constantin, On the Blow-up of solutions of a periodic shallow water equation, / Nonlin- 
ear Sci, 10 (2000), 391-399. 

[10] A. Constantin and J. Escher, On the blow-up rate and the blow-up set of breaking waves 
for a shallow water equation. Math. Z, 233 (2000), 75-91. 

[11] A. Constantin and J. Escher, Wave breaking for nonlinear nonlocal shallow water equa- 
tions. Acta Math., 181 (1998), 229-243. 

[12] A. Constantin and R. S. Johnson, Propagation of very long water waves, with vorticity, 
over variable depth, with applications to tsunamis. Fluid Dynam. Res., 40(2008), 175-211. 

[13] A. Constantin and D. Lannes, The hydrodynamical relevance of the Camassa-Holm and 
Degasperis-Procesi equations. Arch. Ration. Mech. Anal, 192 (2009), 165-186. 

[14] A. Constantin and H. P. McKean, A shallow water equation on the circle, Comm. Pure 
Appl. Math., 52 (1999), 949-982. 

[15] A. Constantin and L. Molinet, Obtital stabihty of sohtary waves for a shallow water 
equation, Phys. D, 157(2001), 75-89. 

[16] A. Constantin and W. A. Strauss, Stability of peakons, Comm. Pure Appl. Math., 
53(2000), 603-610. 

[17] A. Degasperis, D. D. Holm, and A. N. W. Hone, Integrable and non-integrable equations 
with peakons. Nonlinear physics: theory and experiment, II (Gallipoli, 2002), 37, World Sci. 
Publ., River Edge, NJ, 2003. 

[18] M. Lakshmanan, Integrable nonlinear wave equations and possible connections to tsunami 
dynamics, in Tsunami and nonlinear waves, pp. 31-49, Springer, Berlin, 2007. 

[19] K. E. DiKA AND L. Molinet, Stability of multi antipeakon-peakons profile, Di.sc. Cont. Dyn. 
Sys-Ser.B, 12 (2009), 561-577. 

[20] K. E. DiKA AND L. Molinet, Stability of multipeakons, Ann. I. H. Poincare, 26 (2009), 
1517-1532. 

[21] R. J. DiPerna AND P. L. Lions, Ordinary differential equations, transport theory and Sobolev 
spaces. Invent. Math., 98 (1989), 511-547. 

[22] Y. Fu, Y. LiU AND C. Qu, On the blow-up structure for the generalized periodic Camassa- 
Holm and Degasperis-Procesi equations, preprint. 

[23] B. Fuchssteiner AND A. S. FOKAS, Symplectic structures, their Backlund transformations 
and hereditary symmetries, Phys. D, 4 (1981/1982), 47-66. 

[24] G. GUI, Y Liu, and L. Tian, Global existence and blow-up phenomena for the peakon b- 
family of equations, Indiana University Mathematics Journal, 57(3) (2008), 1209-1234. 



ON THE WAVE-BREAKING PHENOMENA AND GLOBAL EXISTENCE FOR /j-CH EQUATION 31 

[25] J. K. Hunter and R. Saxton, Dynamics of director fields, SI AM J. Appl. Math., 51 (1991), 

1498-1521. 
[26] J. K. Hunter and Y. Zheng, On a completely integrable hyperbolic variational equation, 

Physica D, 79 (1994), 361-386. 
[27] J. L. JOLY, G. IVlETVIER, AND J. Rauch, Focusing at a point and absorption of nonlinear 

oscillations. Trans. Ainer. Math. Soc, 347 (1995), 3921-3969. 
[28] T. Kato, On the Korteweg-de Vries equation, Manuscripta Math., 28 (1979), 89-99. 
[29] T. Kato and G. Ponce, Communtator estimates and the Euler and Navier-Stokes equations, 

Comm. Pure Appl. Math., 41 (1988), 891-907. 
[30] B. Khesin, J. Lenells, and G. Misiolek, Generalized Hunter-Saxton equation and the 

geometry of the group of circle diffeomorphisms. Math. Ann., 342 (2008), 617-656. 
[31] S. Kouranbaeva, The Camassa-Holm equation as a geodesic flow on the diffeomorphism 

group, J. Math. Phys., 40 (1999), 857-868. 
[32] J. Lenells, The Hunter-Saxton equation describes the geodesic flow on a sphere, / Geom. 

Phys., 57 (2007), 2049-2064. 
[33] J. Lenells, G. Misiolek, and F. Tiglay, Integrable evolution equations on spaces of tensor 

densities and their peakon solutions, Comm. Math. Phys., 299 (2010), 129-161. 
[34] G. IVIlSIOLEK, Classical solutions of the periodic Camassa-Holm equation, Geom. Funct. Anal., 

12(2002), 1080-1104. 
[35] G. IVIlSIOLEK, A shallow water equation as a geodesic flow on the Bott-Virasoro group, J. 

Geom. Phys., 24 (1998), 203-208. 
[36] R-L. Lions, IVIathematical topics in fluid mechanics. Vol. 2. Compressible models, Oxford 

Lecture Series in IVIathematics and Its Applications, 10. Clarendon, Oxford University Press, 

New York, 1998. 
[37] G. Rodriguez-Blanco, On the Cauchy problem for the Camassa-Holm equation. Nonlinear 

Anal, 46 (2001), 309-327. 
[38] J. Simon, Compact sets in the space I/''((0, T), B),Ann. Mat. Pura. Appl, 146 (1987), 65-96. 
[39] G. B . Whitham, Linear and Nolinear Waves, John Wiley & Sons, New York, 1974. 
[40] Z. XiN, Theory of viscous conservation laws. Some recent topics in conservation laws, 141-193, 

L. Hsiao and Z. Xin, editors. Studies in Advanced IVIathematics, 15. American IVIathematical 

Society/International Press, 1999. 
[41] Z. XiN AND P. Zhang, On the weak solutions to a shallow water equation, Comm. Pure Appl. 

Math., 53 (2000), 141 1-1433. 
[42] L. C. Young, Lectures on the calculus of variations and optimal control theory, W. B. Saunders, 

Philadelphia-London-Toronto, 1969. 
[43] P. Zhang and Y. Zheng, On oscillations of an asymptotic equation of a nonlinear variational 

wave sqa?ition. Asymptotic Anal. , 18 (1998), 307-327. 
[44] P. Zhang and Y. Zheng, On the existence and uniqueness of solutions to an asymptotic 

equation of a variational wave equation, Arta Ma?/i. Sin. (Engl. Ser.), 15 (1) (1999), 115-130. 
[45] P. Zhang and Y Zheng, Existence and uniqueness of solutions of an asymptotic equation 

arising from a variational wave equation with general data. Arch. Ration. Mech. Anal, 155 (1) 

(2000), 49-83. 
[46] P. Zhang and Y Zheng, Rarefactive solutions to a nonlinear variational wave equation, 

Comm. Partial Dijferential Equations, 26 (2001), 381-420. 

(Guilong Gui) DEPARTMENT OF Mathematics, Jiangsu University, Zhenjiang 212013, P. R. 
China, and The Institute of Mathematical Sciences, The Chinese University of Hong Kong, 
Shatin, Hong Kong 

E-mail address: glgui@amss . ac . en 

(Yue Liu) Department of Mathematics, University of Texas, Arlington, TX 76019-0408, 
USA 

E-mail address: yliu@uta.edu 

(Min Zhu) DEPARTMENT OF Mathematics, Naniing Forestry University, Naniing 2 1 0037, P. R. 
China, and Department of Mathematics, Southeast University, Naniing 210097, P. R. China 
E-mail address: zhumin@n jfu. edu. en 



